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� The feasibility of PBM for characterizing size-resolved fractal-like ENPs under high concentration was studied.
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a b s t r a c t

Concerns have increased regarding the efficacy of population balance modeling (PBM) for determining
the size-resolved behavior of engineered nanoparticles (ENPs) in chemical reactors, flames and work-
places. For the first time, we used a well-designed experiment to verify the feasibility of PBM and crucial
factors affecting the accuracy of this method when size-resolved behavior was primarily concerned. The
dynamic processes were designed to maximally represent high concentration involving aggregate pro-
duction, deposition, coagulation, and transport. A population balance equation corresponding to the
physical changes in an experiment was established and was further solved using the highly accurate
moving sectional method. We verified four representative aggregate collision rate functions, namely
the modified Fuchs collision rate function, Dahneke’s collision function, harmonic mean collision func-
tion, and aggregate function newly developed by Thajudeen et al. (Aerosol Sci. Technol. 46 (2012)
1174–1186). The PBM implemented using the Thajudeen et al.’s aggregate function revealed highest
agreement between the simulation and measurement. We observed both fractal dimension and primary
particle diameter have apparent effects on the accuracy of PBM, indicating that both are key parameters
in the implementation of PBM, whereas the pre-exponential factor only slightly affects the accuracy of
PBM. The PBM with constant primary particle size, fractal dimension, and pre-exponential factor was
finally verified as a reliable method for studying size-resolved evolution of ENPs over time.

� 2017 Elsevier B.V. All rights reserved.
1. Introduction

With the development of modern nanoparticle synthesis engi-
neering [1–3], the numerical method for characterizing nanoparti-
cle evolution from gas phase to product undergoes rapid
development. Such particles are usually fractal-like aggregates
composed of much smaller primary particles, with their diameters
varying from approximately �1 nm to �1 lm [1,3]. From particle
formation to grew particle, besides external processes such as con-
vection and diffusion, there are several internal dynamics pro-
cesses, including coagulation, production with nucleation
mechanism or chemical react mechanism, sintering, and deposi-
tion [4]. The most suitable method describing this type of pro-
cesses is population balance modeling (PBM), which is expected
to capture the evolution of nanoparticle size distribution (PSD)
through solving the coupled Navier-Stokes equations and popula-
tion balance equation (PBE) [2,5–7]. However, there are many
input parameters and functions which need to be specified with
experiment or experiences in advance when implementing the
PBM, such as coagulation kernel function and properties related
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Nomenclature

df Aggregate characteristic diameter
Df Fractal dimension of aggregates
kf The pre-exponential factor
dp0 Primary particle diameter
dmv Mass equivalent diameter of the aggregate
nðv; tÞ Particle number concentration with respect to particle

volume v
vmv Mass equivalent volume of aggregates
dm Electric mobility diameter
CðdmÞ Slip correction for the aggregate mobility diameter
Fin, Fout Air flow rate
V Chamber volume
s Constant production rate
vdv, vdu, vdd Deposition velocities
Av, Au, Ad Wall areas
u� Friction velocity

Di Diffusion coefficient
mi Particle mass
kb Boltzmann constant
T Temperature
Kn Knudsen number
cu CO2 volume concentration

Greek symbols
k Mean free path of the gas
b Coagulation kernel
2d Deposition loss rate
m Gas kinetic viscosity
l Air viscosity
rg Geometric standard deviation
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to nanoparticle morphology [7–10]. This results in some uncertain
of the PBM. In fact, it is unclear to what extent PBM agrees with the
experiment under high number concentration involving multiple
physical changes, such as production release, coagulation, deposi-
tion, and transport. For the first time, this work was designed to
verify the efficacy of PBM for grasping detailed PSD during
nanoparticle evolution, and attempt to make clear crucial factors
affecting the accuracy of this method. The dynamic processes were
designed to maximally represent realistic high number concentra-
tion condition involving aggregate production, deposition, coagula-
tion, and transport. To achieve the quantitative comparison of the
evolving PSD between the PBM and experiment, the calculation for
Navier-Stokes equation was not involved, which makes the com-
parison affected by uncertain as little as possible.

The Smoluchowski mean-field theory has been the fundamental
theory for studying aerosol dynamics [11]. The key to this theory is
its general but powerful governing equation [i.e., the PBE] [4]. The
PBE is an integral–differential Fokker–Planck equation that consid-
ers the particle number intensity, and it can provide details of the
evolution of the aerosol size distribution and statistical quantities,
such as the total particle number and volume concentration, over
time. Because of its inherent advantage of coupling to computa-
tional fluid dynamics within an Eulerian–Eulerian framework, the
PBE and relevant modeling method (i.e., PBM) play an increasingly
crucial role in both environmental and chemical engineering
[12,13]. However, how to validate PBM by using a suitable exper-
imental method remains unclear, particularly for tracing the evolu-
tion of size-resolved aggregate distribution over time in
engineering condition. Currently, the most commonmethod to val-
idate a novel PBM model involves selecting a more accurate model
as the reference. Notably, almost all studied PBMmodels, including
the method of moments (MOM) and Monte Carlo, have used the
sectional method (SM) as a reference because of its higher accuracy
[7,14,15].

A major limitation of the aforementioned verification is that
PBM is validated mathematically rather than physically. Thus,
whether PBM provides realistic information on PSD evolution for
fractal-like ENPs under high concentration and the extent to which
PBM agrees with real physics are both unclear. In addition, the key
factors affecting the reliability of PBM under realistic high emission
scenarios are unknown. A comparative study of experiments and
models under realistic scenarios condition typically has great
potential to address these concerns. However, experiments with
information identical to PBM are not easily practicable. The main
difficulty is because of joint dynamical processes for aerosols that
cannot be separated during the experimental measurements [8].
Under realistic high concentration, these aerosol dynamical pro-
cesses include aggregate release or production, coagulation, depo-
sition, and transport because of ventilation [16]. With the support
of the Nanotransport Project by the European Commission under
FP6, Seipenbusch et al. performed a comparative study of the tem-
poral evolution of platinum ENPs in a simulated chamber by using
both experiment and simulation but failed to provide the compar-
ative information about aggregate size-resolved distribution
because they used a highly simplified coagulation model [8].
Anand et al. proceeded to perform PBM modeling with the Fuchs
collision rate according to Seipenbusch et al. experiment [17]; they
only reported a qualitative comparison rather than a quantitative
comparison between PBM and the measurement for size-resolved
PSD during evolution; thus, their study could not examine the
extent to which PBM agrees with real physics. In their PBM exper-
iment, the pre-exponential factor was specified as 1.0; many
researchers have verified this value as unsuitable for the
diffusion-limited aggregate process [9,10]. The study verified this
claim (Section 3.6). Although Rim et al. [18]conducted a compara-
tive study on the sized-resolved evolution of indoor ultrafine par-
ticles by using both experiments and PBM simulation, they
emphasized the assessment of the relative relevance of different
dynamical processes under indoor aerosol concentrations, and
their collision kernel was limited to the modified Fuchs model.
The improved collision rate, such as that reported in Thajudeen
et al.’s model [9] designed for fractal-like aggregates, was not used;
thus, the reliability of such collision rate models when applied in
resolving ENP dynamics remains unclear. Studies have reported
relevance of the size-resolved study of aerosols; however, no study
has focused on the evaluation of the feasibility of PBM for ENPs
under high concentration.

Considering ENPs in chemical reactors or workplaces, the cor-
rect acquisition of appropriate numbers and short sudden emission
events are crucial. High emission with high particle emission rate
is the key characteristic of such events [8]. This is in contrast to
common studies on indoor aerosols, where the total particle num-
ber is not high [18–20]. Because of the high particle number, coag-
ulation might play a more critical role in determining the rapid
change in PSD than other dynamics; thus, while implementing
PBM, a highly reliable collision rate model for aggregates rather
than for spherical particles is essential. Since the pioneering work
of Fuchs for spherical particle collision over the entire size regime
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[21], many collision models have been available for aggregates,
such as the modified Fuchs model [22], Dahneke’s collision model
[23], and aggregate collision model developed by Thajudeen et al.
[9]. According to our review of relevant literature, the Fuchs or
modified Fuchs model is presently the most used collision version.
Although Thajudeen et al. [9] claimed that the accuracy of PBM can
be further increased with their model compared with other colli-
sion models, the claim has never been verified under realistic high
number concentration.

Therefore, this comparative study, for the first time, verified the
feasibility of PBM for characterizing size-resolved fractal-like ENPs
under high concentration and addressed how well PBM can simu-
late the actual phenomenon and to what extent PBM agrees with
the experiment under realistic high concentration conditions.
Another objective of this study is to reveal crucial factors affecting
the accuracy of this method when size-resolved behavior was pri-
marily concerned. Here, we analyzed gold ENPs generated using a
spark discharge generator. A moving SM was selected to model the
size distribution evolution of the ENPs [17]. The study emphasized
the evaluation of different aggregate collision kernels; determina-
tion of the most suitable collision function for ENPs; and analysis of
the effects of the fractal dimension of the aggregates, pre-
exponential factor, and primary particle size on the reliability of
PBM. This paper is mainly divided into five sections. Section 1
introduces fractal-like ENP dynamics, research methods, and exist-
ing problems. Section 2 details the experiment and PBM. Section 3
presents and compares both experimental and modeled results.
Sections 4 and 5 present the discussion and conclusions,
respectively.
2. Materials and methods

2.1. Experimental setup and measurement

Fig. 1 shows a well-mixing chamber (1 � 1 � 2 m3) with a divi-
sion plate A; the division plate divides the chamber into two equal
zones. This chamber is at Karlsruhe Institute of Technology,
Germany, and was originally designed for the Nanotransport Pro-
ject by the European Commission under FP6 [8]. The division plate
was designed to be installed or removed according to experimental
requirements. Thus, the experiment can be performed inside zones
Fig. 1. Experimental setup.
I or (I + II, without a division plate). The zone (I + II) chamber was
used in our previous dynamical studies on platinum nanoparticles,
oil particles, and gold nanoparticles [17,24,25]. Turbulent mixing
was achieved inside the zones by using fans with speeds controlled
by adjusting the current. The sample ports were mounted over the
chamber walls, and sampling was performed to measure the gold
ENP size distribution. Real-time CO2 concentration was measured
to verify whether the aerosol mixed well inside zone I. Only the
zone I chamber was used. Before the experiment, the air was
flushed to clean the chamber so that the total particle number
was maintained below 20 #/cm3. The CO2 concentration was mea-
sured using a continuous gas analyzers (EasyLine3020, ABB com-
pany, Germany).

Gold ENPs were produced using a self-made spark discharge
generator according to a design reported by Schwyn et al. [26]
The method for generating gold NPs was reported in our previous
study [24]. The gold ENP carrier gas was nitrogen, with a volume
flow of 4.0 lpm. The method can produce separated, unaggregated
particles, 3–12 nm in diameter, and thus was highly suitable for
studying fractal-like aggregate dynamics in this study [27]. In this
study, we used a transmission electron micrograph (TEM) to obtain
the statistical primary particle diameter (5 nm) and approximate
mass fractional number of aggregates (1.75), which were used in
the implementation of PBM. The chamber was vented with
particle-free air between the experiments. The PSD time series
was measured using a scanning mobility particle sizer (SMPS
3936, TSI model 3080 classifier with a TSI 0.071 cm pre-
impactor). The measured data were corrected by both multiple
charge particle correction and diffusion correction by using the
TSI Aerosol Instrument Manager software. The PSD was measured
at 135 s intervals to provide desirable time resolution. Notably, all
measurement equipment, including the SMPS3936 and Easyline
3020, were calibrated before the experiment.
2.2. Population balance modeling

2.2.1. Population balance equation
The Kolmogorov turbulent vortex scale is approximately 1 lm

in the air, and turbulent coagulation is negligible for particles smal-
ler than 1 lm in characteristic diameter [4]. We referred to DeCarlo
et al. [28] to define unambiguous particle diameter (or volume)
and to systematize the relationships between different definitions.
On the basis of the relationship of a power law (fractal-like) aggre-
gate, the aggregate characteristic diameter df is expressed as
follows

df ¼ ðdmvÞ
3
Df ðdp0Þ1�

3
Df

kf
ð1Þ

here, Df is the fractal dimension of aggregates in a statistical sense,
and kf is the pre-exponential factor; dp0 is the primary particle
diameter, and dmv is the mass equivalent diameter of the aggregate;
it is the diameter of a spherical particle without void, which is
obtained from fractal-like aggregates undergoing the coalescence
process. In the PBM governing equation, as shown in Eq. (4), the
internal coordinate of particle number function nðv ; tÞ., volume m
is specified as the mass equivalent vume of aggregates and allows
the conservation of total aggregate volumes when implementing
the SM, which can effectively ensure the accuracy of the numerical
calculation of the method. To compare the measurement obtained
from the SMPS 3936 and calculated data by solving Eq. (4), we must
relate the mass equivalent volume (or diameter) and mobility vol-
ume (or diameter) as follows [29]:

vmv ¼ 2p2kdp0

c�
dm

CðdmÞ ð2Þ
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here, vmvis the mass equivalent volume, kis the mean free path of
the gas (68.41 nm in this study), and dm is the electric mobility
diameter accounting for the interaction between moving aggregates
and their surrounding medium. In this study, we used the Aerosol
Instrument Manager� Software (version 8.0) for TSI Model 3936
series SMPSTM spectrometer for the slip correction for the aggregate
mobility diameter [30,31],

CðdmÞ ¼ 1þ 2k
dm

1:142þ 0:558exp �1:998dm

k

� �� �
ð3Þ

For aggregates oriented parallel to their relative motion, the
dimensionless drag force, c�, is 6.62, as was used by Lall et al. for
silver aggregates [29]. For a comparative study, the aggregate num-
ber considering the mobility diameter was converted to aggregate
number considering the aggregate mass equivalent volume. In this
study, Eq. (2) was used to produce particle mobility diameter
shown in Figs. 7–10 for all aggregation functions for comparative
studies. Note that Eq. (12) should generate more reasonable rela-
tion between particle mobility size and mass equipment size for
the Thajudeen et al.’s aggregation function.

A population balance model for the dynamical evolution of gold
ENPs in a ventilated chamber with a constant injection rate was
established according to the Smoluchowski mean-field theory
[11,32]. In this study, gold ENPs inside the chamber were subjected
to internal processes, including coagulation and production, and
the external processes of deposition and ventilation. The governing
PBE for the gold ENPs involving all relevant dynamical processes
contributed to the size-resolved evolution of aggregates and is
expressed as follows:
@nðvmv; tÞ
@t

¼ 1
2

Z v

0
bðvmv � v 0

mv;v
0
mvÞnðvmv � v 0

mv; tÞnðv 0
mv; tÞdv 0

mv � nðvmv; tÞ
Z 1

0
bðvmv;v 0

mvÞnðv 0
mv; tÞdv 0

mv|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
coagualtion

� Fout
V

nðvmv; tÞ|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
ventaltion

þ sðvmv; tÞFin
V|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

producation

þ �dðvmvÞ
V

nðvmv; tÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
deposition

ð4Þ

Fig. 2. Comparison of the measured and theoretical CO2 volume over the time
inside the zone I chamber.
where nðvmv; tÞdvmv is the number of particles with a physical vol-
ume (or mass equivalent volume) between vmv and vmv þ dvmv at
time t;bðvmv; v 0

mvÞ is the collision kernel for two aggregated parti-
cles of physical volumes vmv and v 0

mv; sðvmvÞ is the constant pro-
duction rate independent on time t; �d is the deposition loss rate
for aggregate with respect to volume, vmv. Fin and Fout are the air
flow rate because of the injection and exit, respectively, and were
the same in this study; V is the chamber volume. For the zone I
chamber, V is 1 m3. This is a Fokker–Planck-type equation and
allows tracking the evolution of the PSD over time, as long
as some proper quantities or formulae, such as b, s, and �d, are
available.

2.2.2. Deposition loss rate
This study obtained the particle loss rate coefficient of deposi-

tion by using Lai and Nazaroff’s model [33]. The deposition loss
rate coefficient is expressed as follows

�d ¼ vdvAv þ vduAu þ vddAd

V
ð5Þ

Where vdv ¼ u�
I , vdu ¼ vs

1�exp �vs I
u�ð Þ, and vdd ¼ vs

exp vsI
u�ð Þ�1

and vdv, vdu, and

vdd are the deposition velocities on the vertical, upward horizontal,
and downward horizontal surfaces; respectively; Av, Au, and Ad are
the areas of these three surfaces. u� is the friction velocity at the
concentration boundary. The integral variable I is expressed as

I ¼ R 30
rþ

m
epþD

� �
dyþ, where rþ ¼ ðdm2 Þðu�=mÞ; dm is the particle mobility

diameter, which needs to be converted from vmv (dmv) by using
Eq. (2); m is the gas kinetic viscosity. For this model, the key is to
specify the friction velocity u�. In this study, we followed the
approach used in our previous study to specify u�, an averaged
method based on data measured using SMPS 3936 [24,25], which
is discussed in detail in Section 3.3. Notably, this averaged method
was verified to yield the same results as the least square method,
which was first developed by Hussein and et al. [19].
2.2.3. Collision rate function
The theoretical examination of the development of ENPs

through particle–particle collision is difficult because aggregate
collision dynamics is governed by more factors than spherical par-
ticles, including the aggregate structure, primary particle size, and
aerosol volume loading. Thus, many versions of nonspherical
aggregate collision kernels have been proposed since the pioneer-
ing work of Fuchs (1964) [21], which inevitably results in confu-
sion for users during selection. In this study, we selected four
predominantly used aggregate collision kernels and subsequently
evaluated the most suitable kernel for studying ENP dynamics.
These aggregate collision rates are the modified Fuchs collision
model [34], Dahneke’s transition regime collision model [23], har-
monic mean collision model, and model for all diffusive Knudsen
numbers developed by Thajudeen et al. [35] These models were
designed for particle collision over the entire size regime covering



Fig. 3. TEM of gold ENPs generated using a spark discharge generator.

Fig. 4. PSD determined from the measurement and fit through the least square
approximation method for the source.

Fig. 5. Loss rate coefficient of gold ENP deposition obtained through the averaged
method (AM) and least square approximation (LSA) method. The Lai and Nazaroff’s
theoretical model (2000) is presented for fitting the AM curve with friction velocity
8 cm/s.
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the free molecular to continuum regimes, thus being insensitive to
the aggregate size.

1. Modified Fuchs coagulation kernel

Fuchs’s particle–particle collision expression is one of the most
widely used expressions for b calculation for spherical particles.
This expression was modified by researchers for fractal-like aggre-
gates [34], in which collision and mobility sizes are differentiated
as follows:



Fig. 6. Gold ENP evolution in the zone 1 chamber, as measured using SMPS3936.
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bði; jÞ ¼ 2p Di þ Dj
� �

dci þ dcj

� � dci þ dcj

dci þ dcj þ 2 g2
i þ g2

j

� �1=2
0
B@

þ 8ðDi þ DjÞ
�c2i þ �c2j
� �1=2

ðdci þ dcj Þ

1
CA

�1

ð6Þ

where

�ci ¼ 8kbT
pmi

� �1=2

li ¼ 8Da
i

p�ci
Fig. 7. Comparison of the size distribution evolution over time (a) and total aggregate num
that in shown in Fig. 6. (For interpretation of the references to colour in this figure lege
gi ¼
1

3Dili
dci þ li
� �3 � d2

ci
þ l2i

� �3=2	 

� dci

Di ¼ kbTCcðdm;iÞ
3pldm;i

Di is the diffusion coefficients for particles with the mobility
diameter dm and mass mi; kb is the Boltzmann constant, T is the
temperature, and l is the air viscosity. We followed a previously
reported method [22,36]; let dc ¼ df , namely the collision diameter
is obtained from the fractal theory for power law aggregates, and
a ¼ 1. Similar studies have reported the calculation for agglomer-
ate dynamics [37]. The key modification of Fuchs expression the
replacement of the diameter with the collision diameter in the col-
lision kernel and with the mobility diameter in the diffusivity
expression.

2. Dahneke’s model and harmonic mean collision model

To improve the accuracy of Fuchs expression for characterizing
the collision rate over the entire size regime, Dahneke accepted the
idea of adsorbing spheres reported by Fuchs; however, he
described the diffusion processes as a mean free path phenomenon
[23,38]. Dahneke’s collision model can be expressed as an enhance-
ment of the collision function for the near-continuum regime.

bði; jÞ ¼ 2p Di þ Dj
� �

dci þ dcj

� �
fðKnÞ ð7Þ

here, the diffusion coefficient D and collision diameter dc can be
implemented as the same as in Eq. (6) for fractal-like aggregates.
The enhancement function f ðKnÞ is expressed as follows,

fðKnÞ ¼ 1þ 2
3 Kn

1þ 4
3 Knþ 8

9 Kn
2 ð8Þ

where the Knudsen number and classic mean free path definition,
Kn ¼ 2kp=d12, kp ¼ 3D12=�c12, d12 ¼ d1 þ d2,�c12 ¼ �c1 þ �c2. Here, the
aggregate diameter was specified as the mobility diameter, which
is consistent with the definition in Eq. (6). As the enhancement
function, f ðKnÞ is expressed as follows:

fðKnÞ ¼ 1
1þ 4

3 Kn
ð9Þ
ber (b) between the experiment and PBM. The measurement data (red) are same as
nd, the reader is referred to the web version of this article.)



Fig. 8. Effects of the pre-exponential factor on the size distribution evolution over time and total particle number on using the aggregate collision model.

Fig. 9. Effects of the fractal dimension on the size distribution evolution over time and total particle number on using the aggregate collision model.
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Eq. (7) shows the harmonic mean coagulation kernel, which is
also a widely used collision rate model because of its simple math-
ematical expression [39].

3. Thajudeen et al.’s model

Recently, Thajudeen et al. developed a novel promising collision
rate model on the basis of theoretical and numerical studies, which
allows determining the transition regime collision rate for shaped
aggregates [35,40–43]. In their study, Brownian Dynamics/Lange-
vin Dynamics and Monte Carlo simulations were carried out. For
quasifractal aggregates composed of monodisperse primary parti-
cles that are similar in size, regression relations were developed
that enable calculation of the collision kernel directly from the
quasifractal descriptors. The authors claimed that their model
highly ensures the accuracy of PBM for aggregates. Thus, this
model might be more suitable than others for determining the evo-
lution of size-resolved ENPs. The collision rate function is
expressed as follows,

bði; jÞ ¼ HfijPA
2
ij

p2mijRs;ij
ð10Þ

wheremij and f ij are the reduced mass and scalar friction factor for i
and j, 1

mij
¼ 1

mi
þ 1

mj
and 1

f ij
¼ 1

f i
þ 1

f j
. The friction factor is expressed as

follows,

f i ¼
6plRS;i

1þ Knð1:257þ 0:4exp½� 1:1
Kn�Þ

ð11Þ

with a new definition of the Knudsen number Kn ¼ kpRS;i
PAi

. The Smolu-

chowski radius, RS;i, for aggregate i, is expressed as



Fig. 10. Effects of the primary particle size on the aggregate size distribution evolution over time and total particle number on using the aggregate collision model.
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RS;i

ap0
¼ UR

Ni

kf ;i

� �1=Df;i

ð12Þ

with

UR ¼ 1
a1 ln½Ni� þ a2

a1 ¼ 0:253D2
f;i � 1:209Df ;i þ 1:433

a2 ¼ �0:218D2
f ;i þ 0:964Df;i � 0:180

and the orientationally averaged projected area, PAi, for aggre-
gate i, is expressed as

PAi

pa2p0
¼ UP

Ni

kf ;i

� � 2
Df;i ð13Þ

with

UP ¼ N�a3
i

a4

a3 ¼ 0:439D2
f;i � 2:221Df ;i þ 2:787

a4 ¼ �0:232D3
f ;i þ 1:273D2

f ;i � 2:183Df ;i þ 1:906

The combined Smoluchowski radius, RS;ij, for the collision of
aggregates i and j is expressed as follows:

RS;ij

ap0
¼ 1:203� 0:4315ðNi þ NjÞ

ðNiDf ;i þ NjDf ;jÞ
	 


� RS;i

ap0
þ RS;j

ap0

� � 0:8806þ
0:3497 NiþNjð Þ
NiDf;iþNjDf ;j

� �

ð14Þ
The combined orientationally averaged projected area PAij is

expressed as follows:

PAij ¼ pR2
S;ij ð15Þ

here, Ni is the number of primary particles for aggregate i and
ap0 ¼ 1

2dp0. This model was designed for determining the transition
regime collision rate for aggregates as the function of the fractal
descriptors for each aggregate. In this study, we considered
Df;i ¼ Df;j and kf ;i ¼ kf ;j to agree with the requirement of PBM, in
which all aggregates are approximated to have the same fractal
properties.

2.2.4. Sectional method
The SM was introduced to solve Eq. (4). The SM effectively

divides the PSD into bins and can trace the PSD evolution with high
accuracy; thus, it has been widely used to study aerosol dynamics
and as an exact method to verify other methods, such as the MOM
[15]. Each bin has a governing ordinary differential equation (ODE)
considering the particle number, which can be solved using general
numerical methods for solving ODEs, such as the Runge–Kutta
method with a fixed or varied time step [14].

Introducing the SM into Eq. (4) yields the following equation:

d~Nk

dt
¼ xk|{z}

coagualtion

� Fout
V

~Nk|fflfflffl{zfflfflffl}
ventilation

þ Fin
Sk
V|fflffl{zfflffl}

production

þ kd
V

~Nk|fflffl{zfflffl}
deposition

ð16Þ

where

xk ¼
�~N1

X
i¼1

bi1
~Ni; k ¼ 1

1
2

X
i¼1
j¼1

vijkbij
~Ni
~Nj � ~Nk

X
i¼1

bik
~Ni; k > 1

8>>><
>>>:

where

vijk ¼

vkþ1� v iþv jð Þ
vkþ1�vk

; if vk 6 v i þ v j 6 vkþ1;

v iþv jð Þ�vk�1

vk�vk�1
; if vk�1 6 v i þ v j 6 vk;

0; else

8>>><
>>>:

and ~Nk ¼
R vkþ1
vk

nðv ; tÞdv , vkandvkþ1 correspond to the low and high

particle volume limits, respectively, at bin k.
For SM performance, the bin node positions were always moved

according to the specific range in which most ENPs were domi-
nant; however, the total number of bins was preserved. The
fourth-order Runge–Kutta method was used a fixed time step to
solve the set of ODEs, and the error function in the moving SM
was computed using the incomplete Gamma function method.
The time step for the moving SM was 2.7 s for all computations.
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The total section number was 200, and the space factor for the sec-
tions was 1.08. During the modeling, the temperature and pressure
of the surrounding air was assumed to be 300 K and
1.013 � 105 Pa, respectively, which is identical to the experimental
conditions. In this case, the viscosity and mean free path of the gas
molecules were 1.850772 � 10�5 Pa s and 68.41 nm, respectively.
The gold ENP morphology was assumed to be fractal-like, with a
fractal dimension of 1.75, same as that in a previous study [17].
The determination of fractal dimension of fractal-like aggregates
will be shown in Section 3.2.
3. Results and discussions

3.1. Verification of the well-mixed conditions

This study used CO2 as a tracer gas to verify whether aerosols
mix well on being injected into the chamber, otherwise the PBE,
as shown in Eq. (4), cannot be used in this study. Unlike gold ENPs,
CO2 gas undergoes no coagulation and deposition processes; thus,
it is an ideal candidate for verifying the mix. If well-mixed condi-
tions are achieved, the real-time CO2 volume inside the chamber
is expressed as follows:

dcuðtÞ
dt

¼ F0c0 þ F1c1 � F2cuðtÞ
V

ð17Þ

where cuðtÞ is the CO2 volume at time t for the zone 1 chamber and
c0 and c1 are the CO2 volume in the pure CO2 cylinder and air,
respectively. In this study, c0 ¼ 1, and c1 ¼ 0:0143. An analytical
solution for Eq. (8) can be easily obtained using

cuðtÞ ¼ e�F2tðc1 � AÞ þ A ð18Þ

Where A ¼ F0c0þF1c1
F2

. In theory, the well-mixed conditions are consid-

ered achieved if the measured CO2 volume fits the analytical results
obtained using Eq. (18).

For the experiment, the CO2 injection start time in zone 1 was
270 s because the continuous injection lasts 845 s. Pure air was
then continuously injected into the chamber, with a flow rate
4.5 lpm. The analytical solution shown in Eq. (18) was used as a
reference to validate the experiment, as shown in Fig. 2. The sam-
ple was measured using the OneLine3020 ABB instrument. The
total measurement time lasted for more than 6 h. The experimen-
tal results and theoretical model only slightly deviated for the zone
I chamber throughout the experimental process. The experimental
solution and analytical solution overlapped during the injecting
process, indicating that the well-mixed condition was achieved
in the zone I test chamber. ENPs have nearly the same transport
properties as do gases because of their small Stokes number,
regardless of the material; thus, the well-mixed conditions in the
zone I chamber are also suited for gold ENPs.

3.2. Characteristics of the sourced gold ENPs

Fig. 3 shows the TEMs of gold ENPs generated using a spark dis-
charge generator. The gold ENPs were captured using a low-
pressure impactor. The results indicated fractal-like properties of
the generated gold ENPs, as reported in [27,45]. Investigating the
gold ENP dynamics requires introducing the fractal theory to char-
acterize the particle transport property. The key to this achieve-
ment is specifying the gold ENP fractal dimension and primary
particle size. This study assumed that the statistical fractal dimen-
sion of gold ENPs was 1.75, as in the previous study [17], which is
in close agreement with simulated structures from diffusion-
limited cluster aggregation for gold aggregates, approximately
1.8 [44]. The primary particle diameter was approximately 5 nm,
which is consistent with Tabrizi et al.’s finding obtained using
nearly the same equipment and carrier gas, N2 [27].

The PSD sðv ; tÞ for the source and deposition loss rate coefficient
kdðvÞ must be specified before performing PBM. Because of mea-
surement errors and source instabilities, the measured gold ENP
size distributions are not absolutely identical, even between two
consequent measurements, as shown in Fig. 4. Thus, using only
one measurement as the model input is forbidden. In this study,
we used three measured data for the source before the experiment
and three measured data after the experiment as multiple basis
data and subsequently used the least square approximation (LSA)
method to obtain a fitted size distribution for the source. Fig. 4
shows that the measured data for the source before and after the
experiment (the duration exceeded 2 h) very well fit to each other,
indicating that the source by spark discharge is steady.

We proposed the following method for fitting the measured
data. On the basis of the measurements, the PSD was first assumed
to follow a log-normal distribution

ne lndmð Þ ¼ Nt

2pð Þ1=2lnrg

exp �ðlndm � lndmgÞ
2

2ln2rg

 !
ð19Þ

where dm is the particle diameter, Ntis the total particle number,
rgis the geometric standard deviation (GSD) for the number size

distribution, and dmg is the geometric mean diameter (GMD). This
assumption was valid for almost all sources [8]. Eq. (19) was further
simplified by considering the natural logarithm,

lnðneÞ ¼ ln Ntð Þ � ln ð2pÞ12lnrg

� �
� ðlndP � lndmgÞ

2

2ln2rg

ð20Þ

The GMD, dmg , can be easily determined from the measure-
ments, and the next task is to determine the total particle number,
Nt, and GSD, rg , by using a common LSA method. The same proce-
dure yielded the curve fitted to multiple measured sources shown
in Fig. 4. The source measurement was performed six times both
before and after the injection. The source was stable within a rea-
sonable range for experimental errors and can thus be considered
ideal for this study. According to the log-normal distribution the-
ory, the source properties were characterized using three key
quantities, namely the total particle number concentration (N0),
GSD for the number size distribution, and GMD. For implementing
PBM, the mobility diameter, shown in Fig. 4, must be converted to
the equivalent diameter of the aggregate.

3.3. Deposition loss rate coefficient

Particle loss because of deposition during the test chamber
aerosol dynamics studies is an unavoidable dynamical process
[19,33]. Two ideal methods, namely the least square approxima-
tion (LSA) method [19] and averaged method (AM) [25], were pro-
posed to identify the size-dependent deposition rate coefficients.
Both methods have similar measured data requirements; briefly
the total particle number must be below a certain value, typically
1.0 � 104 #/cm3, which allows disregarding coagulation-induced
particle loss. To meet this requirement, we selected a measure-
ment with a total particle number below 1.0 � 104 #/cm3 to obtain
the deposition loss rate coefficient. In this study, we used the AM,
as shown in Fig. 5. This figure presents the deposition loss rate
coefficient and deposition velocities for different surfaces on the
basis of Lai and Nazaroff’s theoretical model (2000) for compari-
son. The friction velocity for the theoretical model was 8.0 cm/s.
For diameters ranging from 40 to 200 nm, the deposition loss rate
coefficients obtained using the AM fit those obtained using Lai and
Nazaroff’s theoretical model [33]. The same conclusion was
obtained using the same fan speed with a single-zone chamber.



Table 1
Experimental parameters.

Source Ventilation
rate (lpm)

Chamber Deposition
Friction velocity

SMPS parameters Air temperature (K)

TPCð#=cm2Þ GMD (nm) GSD Size range (nm) Qsh/Qs (lpm)

6:37e7 28.9 1.63 4.0 1� 1� 1 m3 8 cm/s 5.94–224.7 15/1.45 297
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These results indicate the reliability of the deposition loss rate
coefficient obtained from the AM for the zone 1 chamber. PBM
requires Lai and Nazaroff’s theoretical Eq. (5), with a friction veloc-
ity of 8.0 cm/s as the input.

3.4. Gold ENP evolution measured by SMPS3936

Table 1 summarizes the experimental parameters used in this
study. In the experiment, gold ENPs generated using a spark dis-
charge generator were injected into the zone I chamber with nitro-
gen, at a flow rate of 4.0 lpm. The source injection into the test
chamber lasted for 3.975 h. Before and after the injection, we used
SMPS3936 to measure the size distribution, as shown in Fig. 4.
Similar to that in a previous study [8], the size distribution of the
gold ENPs, as shown in Fig. 6, exhibits a bimodal distribution dur-
ing injection The primary mode quickly reached a steady state;
briefly, the diameter and magnitude of the mode did not change
over time. In addition, an interesting characteristic of the primary
mode was determined. The magnitude first increased to a maxi-
mum value before decreasing to its steady state; briefly, both mag-
nitude and mode size remained constant during the injection. A
similar observation was reported by Seipenbusch et al. [8] for plat-
inum ENPs; however, the dependent factors remain poorly illus-
trated. In the secondary mode, the diameter increased, while the
magnitude decreased with time on its first emergence because of
the coagulation mechanism. An interesting discovery for the sec-
ondary mode was observed because the secondary mode nearly
followed a line with a fixed slope on emerging.

3.5. Comparison between the experiment and PBMs

This section compares the size-resolved evolution of aggregate
size distribution between the measurement and model. The mass
equivalent size, which was used as an internal coordinate of the
aggregate number function, as shown in Eq. (4), was converted to
the mobility diameter for conducting a comparative study of
experiments and simulations. The conversion from mass equip-
ment size to mobility for all PBMs was performed using Eq. (2)
given the comparative study among different PBMs and the mea-
surement by TSI SMPS 3936 [30].

To implement PBM, several input parameters, including the
aggregate source size distribution, ventilation flow rate, aggregate
deposition loss rate, aggregate primary particle size, aggregate
fractal dimension, and air atmospheric temperature, needs to be
specified or measured beforehand [17]. In this study, the particle
source size distribution and deposition loss rate in PBM were iden-
tical to the measurements, as shown in Figs. 4 and 5, respectively.
The ventilation flow rate through the chamber was 4.0 lpm, which
was identical to the measurement implemented using an electrical
flowmeter. This ensures the implementation of the experiment and
simulation under the same condition. As the moving SM was used
in PBM, the bin number was 300 with a space factor of 1.13, which
ensures the accuracy of this method considering numerical calcu-
lations. Table 2 shows some key parameters used in the PBM.

As discussed in Section 2.2.3, four representative aggregate col-
lision models were used for implementing PBM in this study,
namely the modified Fuchs collision model [34], Dahneke’s transi-
tion regime collision model [23], harmonic mean collision model,
and model for all diffusive Knudsen numbers developed by Tha-
judeen et al. [35] Fig. 7(a) compares the plots for both measured
and modeled size distribution evolution, whereas Fig. 7(b) presents
the total particle number. Notably, PBM with the harmonic mean
aggregate collision kernel is not presented in Fig. 7(a) because it
nearly overlapped with the Dahneke’s collision function. Fig. 7(a)
shows all PBM considering that different aggregate coagulation
kernels produce highly similar patterns of PSD over time to the
experiment, in which two modes exist. At 32 � 135 s, the experi-
ment showed that the first mode has been in a steady state because
its characteristic quantity, including the particle number and
diameter, changed negligibly over time. Our simulation showed
that only PBM with the Thajudeen et al.’s aggregate function [35]
successfully captured this characteristic of PSD over time; whereas
for that with modified Fuchs collision rate function [34] and Dah-
neke’s collision function [23], the first model was in the evolving
process until 32 � 135 s. This indicated their failure to capture
the time required to reach a steady state. For the measured first
mode at the steady state, the aggregate diameter was 26 nm, and
the particle number was 1:45� 106#=cm3. However, for the simu-
lated mode by using the Thajudeen et al.’s aggregate function, the
aggregate diameter was 34 nm, and the particle number was
1:30� 106#=cm3. Therefore, the relative errors of simulated data
for the first mode diameter and mode number to the measurement
were approximately 30% and 10%, respectively. PBMwith the mod-
ified Fuchs collision rate function and Dahneke’s collision function
inevitably resulted in much larger relative errors to the measure-
ment for the two characteristic quantities, exceeding approxi-
mately 40% and 50%, respectively. Notably, for the secondary
mode, the measurement showed a slope over time until disappear-
ance. PBM with the Thajudeen et al.’s aggregate function success-
fully captured the evolution of the secondary mode; particularly,
both simulation and measurement yielded the same slope value
for the slopes. PBM with the modified Fuchs collision rate function
and Dahneke’s collision function yielded nearly the same slopes
but were apparently different from the measurement and PBM
with the Thajudeen et al.’s aggregate function. Overall, PBM with
the Thajudeen et al.’s aggregate function yielded the nearest PSD
with the measurement among all investigated aggregate collision
functions; particularly, it can capture all key characteristics of
PSD over time with high accuracy. PBM with the modified Fuchs
collision rate function, Dahneke’s collision function, and harmonic
mean collision function could not capture the time of the PM
approaching the steady state and did not yield an appropriate slope
of the secondary mode.

When a steady source is continuously injected into a chamber,
the measurement using the SMPS 3936 showed that the total
aggregate number first increased to a maximum and then slowly
decreased, finally to a steady state, as shown in Fig. 7(b). All PBM
in this study captured the same evolution of the total aggregate
number as the measurement; however, only the PBMwith the Tha-
judeen et al.’s aggregate function fit well to the quantitative mea-
surement. We observed favorable agreement between the
measurement and PBM with the Thajudeen et al.’s aggregate colli-
sion function, indicating that this method can trace the evolution
of the total aggregate number over time. Here, we calculated the
relative errors of simulations to the measurement at 3.5 h for cal-
culating the total aggregate number, namely 12.5% for PBM with



Table 2
Parameters in the implementation of PBM.

Source Ventilation
rate (lpm)

Chamber
(m3)

Friction
velocity

Aggregate Air
temperature
(K)

Gold
density
(kg/m3)

Bin
number

Time
step (s)

TPC
ðcm�3Þ

GMD
(nm)

GSD Primary particle
diameter (nm)

Fractal
dimension

Pre-
exponential
factor

6:37e7 28.9 1.63 4.0 1 8 cm/s 5 1.75 1.30 297 19600 300 27
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the Thajudeen et al.’s aggregate collision function, 65% for PBM
with the modified Fuchs collision function, and 55% for PBM with
the Dahneke collision function and harmonic mean collision
function.

In summary, PBM with the Thajudeen et al.’s aggregate collision
function showed apparent advantage in accuracy compared with
other collision functions for capturing both evolution of detailed
PSD and the statistical aggregate number. This method can yield
the nearest PSD as the measurement over time and provide the
total aggregate number with relative errors to the measurement
smaller than 12.5%, indicating that the Thajudeen et al.’s aggregate
collision function should be employed in PBM because highly accu-
rate simulation is required. Note that in Fig. 7(a), Eq. (2) was used
to relate aggregate mobility diameter to mass equipment diameter
for all aggregation functions. As Eq. (12) was used to relate aggre-
gate mobility diameter to mass equipment diameter for the Tha-
judeen et al.’s aggregate collision function, much smaller relative
errors of the PBM to the measurement is expected.
3.6. Reliability of PBM with the Thajudeen et al.’s aggregate collision
function

In contrast to particle tracking methods, such as Langevin sim-
ulation where each aggregate’s shape can be characterized, for
implementing PBM, as discussed in Section 3.5, the input fractal
dimension (Df ), pre-exponential factor (kf ), and primary particle
diameter (dp0) were assumed as constants over time (1.75, 1.30,
and 5 nm, respectively). However, the specification of these param-
eters are not arbitrary because the fractal dimension and primary
particle diameter are from the statistics based on the TEM data dis-
cussed in Section 3.2, whereas the pre-exponential factor was
obtained from the study by Thajudeen et al. [35] Researchers, such
as Heinson et al. [10,10] have extensively shown that the pre-
exponential factor is not a constant during aggregation, and this
factor is not the same for all aggregates in any population. The
same problem occurs for the fractal dimension. The challenge
was subsequently evaluated for validating PBM with the specified
constants Df , kf ; and dp0:

Fig. 7 shows the effect of the pre-exponential factor on the size
distribution evolution over time (Fig. 7(a)), and the total particle
number (Fig. 7(b)) is presented as different pre-exponential factors
(i.e., 1.0, 1.3, 1.6, and 1.9). The results revealed that the pre-
exponential factor did not apparently affect detailed PSD and total
aggregate number, indicating that this factor is not a key parame-
ter determining the accuracy of PBM for studying aggregate evolu-
tion over time. The effect of the fractal dimension on the aggregate
size distribution and total aggregate number over time was inves-
tigated as the fractal dimension specified as 1.55, 1.75, 2.4 and 3.0
(Fig. 8). High agreement was observed between PBM and the mea-
surement only at Df ¼1.75, which is a statistical value from TEM
measurements discussed in Section 3.2 and is also in close agree-
ment with simulated structures from diffusion-limited cluster
aggregation for gold aggregates, approximately 1.8 [44]. The over-
predicted total aggregate number for Df exceeded 1.75, whereas an
underpredicted total aggregate number for Df was smaller than
1.75. As the fractal dimension was 3.0, the relative error of PBM
to the measurement at 3.5 h was even up to 256%, indicating that
the fractal dimension is a key parameter affecting the accuracy of
PBM. Thus, it should be appropriately specified beforehand. Fig. 9
shows the comparison of detailed PSD (Fig. 9 (a)) and total aggre-
gate number (Fig. 9(b)) over time, with different primary particle
diameters for PBM. At the primary particle diameter of 5 nm, high
agreement can be achieved between PBM and the measurement.
Larger deviation occurred between PBM and the measurement
when the specified primary particle diameter was larger or smaller
than 5 nm. It indicated that in addition to the fractal dimension,
the primary particle diameter is another key parameter affecting
the accuracy of PBM, which must be appropriately specified before
implementing PBM.
4. Discussion

PBM is feasible mathematically, particularly when the PBE is
solved through the highly size-resolved SM. Modern mathematical
techniques, such as the fourth-order Runge–Kutta method, can
adequately ensure accurate ODE solutions, regardless of whether
the PBE is solved through the SM, MOM, or Monte Carlo method
[46]. However, some uncertain input parameters or formulae exist,
which must be specified or selected by users before implementing
PBM, such as the aggregate collision kernel, aggregate fractal
dimension, diffusion coefficient and pre-exponential factor
[37,47,48]. These uncertain factors inevitably lead to deviations
between PBM and realities, particularly for size-resolved PSD dur-
ing evolution, which has received attention by scientists for inves-
tigating the effect of workplace ENPs on human health [8]. Thus, a
question arises, does the PBM provide realistically resolved infor-
mation on PSD over time for fractal-like ENPs and to what extent
does PBM agree with real physics versus only being a numerical
solution, particularly under realistic high concentration where
the rapid change of PSD occurs? These questions motivated the
present study. The coupling between Navier-Stokes equations for
flow field and governing equations for dispersed phase has become
a major method for studying particle-laden multiphase flow
[49,50], however, the solution of Navier-Stokes equation as well
as its coupling with the PBE was deliberately avoided to achieve
a quantitative comparison of the evolving PSD between the PBM
and measured data under an ideal condition.

In this study, a chamber ENP dynamics involving ENP produc-
tion, deposition, coagulation, and transport was designed at Karl-
sruhe Institute of Technology, Germany, to develop aerosol
dynamics processes under realistic scenarios. The experiment
was divided into four parts; each part fulfilled one task. all parts
aimed at achieving the study target. In part I, we focused on the
sourced particle characterization, including the specification of
the fractal dimension and primary particle diameter based on the
TEM data (Fig. 3) and the sourced aggregate PSD measured using
SMPS 3936 (Fig. 4), which completely determined the success or
failure of the further implementation of PBM. To ensure the steady
state of the source, we carefully checked the sourced PSDs before
and after the injection for several hours and verified that our spark
discharge generator generated steady sources during the experi-
ment. To maximally reduce the measurement errors, we proposed
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a novel least square method to fit the measurement for the soured
PSD before and after the injection, as shown in Fig. 2, which was
used as an input while implementing the PBM. In part II, we used
a tracer gas (i.e., CO2) to assess whether a well-mixing assumption
can be used for our test chamber; if it could be used, the PBE shown
in Fig. 4 is valid, otherwise the following comparison between the
simulation and measurement is invalid. In this part, we verified the
feasibility of the well-mixing assumption for the tracer gas (Fig. 2).
We further deduced that the well-mixing assumption is valid for
gold ENPs investigated in this study because of its very small
Stokes number. Moreover, in part III, we designed an experiment
with the total particle number of less than 1� 104#=cm3 [25]
under the case our recently proposed average method was per-
formed to determine the aggregate deposition loss rate. The exper-
iment for implementing the comparison between the
measurement and simulation was conducted in part IV, in which
the steady source, shown in Fig. 4, was continuously injected into
the chamber for 3.975 h. Fig. 6 shows the measured PSD over time
by using SMPS 3936, which was further used as a reference to val-
idate PBM. In total, every session of the experiment, which might
affect the accuracy of PBM has been carefully considered and
appropriately dealt with, thus ensuring the final comparative study
on the PSD over time between PBM and the measurement under a
reasonable condition with the least possible uncertain factors.

Once released into the gas environment under realistic scenar-
ios, ENPs undergo several physical changes over a distance from
an NP source [8]. The physical changes involve production from a
source or sources, coagulation, deposition, and transport through
ventilation; these physical changes solitarily or in combination
change the PSD of ENPs over time and distance. Thus, the challenge
of PBM, which is determined on the basis of the PBE shown in Eq.
(4), captures the evolution of the PSD of ENPs by considering all rel-
evant physical changes or dynamics. It requires all physical changes
to be appropriately considered using the corresponding models in
the PBE. Under the simulated scenarios investigated in this study,
the reliability of models for the aggregate production, deposition,
and transport can be high according to reliable measurements as
well as relevant theoretical analysis. As discussed in Section 3.2,
the production rate for ENPs was determined with high reliability
by using SMPS 3936 and the least square approximate technique.
In Section 3.3, the deposition rate considering the aggregate mobil-
ity diameter was obtained according to the analysis of the data
measured by using the newly developed AM. Studies have per-
formed a similar procedure for achieving the deposition rate in a
closed chamber [19,51]. For the transport, ENPs can be considered
to have a velocity same as their surrounding gas because of very
small Stokes number and thus can be easily measured using a
highly accurate flowmeter. Thus, the key doubt regarding the relia-
bility of PBM should attribute to coagulation. Notably, the aggre-
gate collision rate coefficient remains ambiguous [35]. In
addition, some assumptions while implementing PBM, namely Df ,
kf , and dp0, specified as constants, increases the feasibility of PBM
by two-folds for resolving the problem. Therefore, in this study,
we focused on the validation of PBM with a suitable aggregate col-
lision kernel. Four representative aggregate collision rates were
investigated, namely the modified Fuchs collision model [34], Dah-
neke’s transition regime collision model [23], harmonic mean colli-
sionmodel, andmodel for all diffusive Knudsen numbers developed
by Thajudeen et al. [35]. Fig. 7 shows that PBM with the aggregate
collision function, i.e. Thajudeen et al.’s coagulation kernel, pro-
duces the nearest PSD to the measurement under the same condi-
tion and particularly captures the evolution of two modes of the
PSD. More importantly, PBM with this aggregate function highly
agrees with the measurement of the total aggregate number. This
confirmed that PBM can provide real information on the PSD of
ENPs during evolution. Especially, as the Thajudeen et al.’s aggrega-
tion kernel is employed in the implementation of PBM, the accuracy
of PBMs, such as nanoparticle synthesis in combustion flow [52]
and soot dynamics [53],is expected to be increased significantly.
We further investigated the effect of Df , kf , and dp0 on the accuracy
of PBM (Figs. 8–10) and observed that PBM shows the maximum
agreementwith themeasurementwhen these parameters are spec-
ified according to the measurement and previously reported sug-
gestions [35]. In the Thajudeen et al.’s aggregation kernel, a more
reasonable definition of particle mobility size in terms of the parti-
cle’s mass equipment size was proposed. It is expected the accuracy
of modified Fuchs collisionmodel [34], Dahneke’s transition regime
collision model [23], and harmonic mean collision model can be
improved as the Thajudeen et al.’s definition for the mobility diam-
eter is introduced.
5. Conclusion

An experiment was artificially designed in a simulated chamber
to verify the reliability of PBM for studying the PSD of fractal-like
ENPs under realistic high concentration, and crucial factors affect-
ing the accuracy of this method. Gold ENPs with a primary particle
diameter of 5 nm and aggregate fractal dimension of 1.75 were
generated using a self-made spark discharge generator, which
was used as the source in the experiment. The well-mixing condi-
tion of the simulated chamber was verified by detecting the real-
time carbon dioxide volume by using the OneLine3020 ABB instru-
ment. The deposition loss rate coefficient was determined using
our developed AM, which provides the friction velocity as input
parameters in the deposition model [33]. During the experiment,
the aggregate number considering the mobility diameter was mea-
sured using TSI SMPS 3936. The PBE involving the same physical
changes in aggregates as those in the experiment was established,
which was further solved using the moving SM. The solution of the
PBE was highly ensured considering its small numerical time, 27 s,
and a small bin space factor, 1.13. The modified Fuchs collision rate
function, Dahneke’s collision function, harmonic mean collision
function, and the aggregate function newly developed by Tha-
judeen et al. were used for implementing PBM.

A comparative study was conducted on an aerosol process
between the measurement and PBM, in which a steady source
was continuously injected into the simulated chamber. We
observed that PBM with the Thajudeen et al.’s aggregate function
apparently had a higher accuracy than did other aggregate collision
rates, and the relative errors of PBM to the measurement for the
total aggregate concentration was only 12.5% when the steady
state was reached. Thus, PBM with the Thajudeen et al.’s aggregate
function was verified as the most reliable method for studying
fractal-like ENP dynamics. When implementing PBM with this
aggregate function, two key parameters, namely the fractal dimen-
sion and primary diameter, played a crucial role in determining the
accuracy of PBM. Thus, these two parameters were recommended
to be specified according to the analysis of the TEM data. Although
the pre-exponential factor was also considered crucial in charac-
terizing aggregate shape, it was found it only slightly affected the
accuracy of PBM for studying the PSD of fractal-like ENPs. The
study finally verified the PBM with constant fractal dimension, pri-
mary diameter and pre-exponential factor is valid for investigating
the size-resolved evolution of ENPs over time, although these
parameters might vary during evolution.
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